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Numerical Computations of Two-Dimensional Unsteady Sprays

for Application to Engines

H. C. Gupta* and F. V. Braccot
Princeton University, Princeton, N.J.

The problem of the numerical computation of the penetration and vaporization of two-dimensional unsteady
sprays is considered. This topic is of interest in the field of modeling of combustion in direct injection, internal
combustion engines with self-ignition (Diesel), or spark ignition (stratified charge). The spray equation, which is
the governing equation and, in this application, exhibits six independent variables, is numerically solved using an
upwind difference scheme which is first-order accurate and explicit in time. The problem is set up both as a
boundary value problem and an equivalent initial value problem. The boundary value formulation is preferable
for applications. A study of the numerical error of the initial value problem is undertaken by comparing the
numerical solution with an analytical one. The analytical solution is obtained by discretizing the spray, reducing
the spray equation to a set of ordinary differential equations, solving these equations in closed form, and
reconstructing the solution for the entire spray by integrating the contributions from the individual, discretized
spray parcels. It is concluded that the selected numerical method yields sufficiently accurate resuits in reasonable
computational time. However, the practical usefulness of the model is presently limited due to the simplifying
assumptions that were made in order to concentrate on the formulation of the problem, the method of solution,

and computational time and accuracy.

Nomenclature W =mass rate of injection, g/s
ab =constants of the Weber/Reynolds correlation x,x,;,x, =liquid drop coordinates in the physical space, cm
B =coefficient in the initial distribution function X7,X3 =centers of the initial Gauss distributions in the
s?/cm’ physical space, cm
c =constant in the Nukiyama-Tanasawa initial o =constant=0,1 for planar or cylindrical coor-
distribution function in the drop radius space, dinates
cm ~! ¥ = specific heats ratio
Cp =drop drag coefficient W = gas viscosity, g/cm s
d,,d, =constants in the initial Gauss distribution func- “y =liquid viscosity, g/cm s
tions in the velocity space, cm/s £ =source {or sink) term, s/cm’
f =droplet distribution function, s2/cm? o = gas density, g/cm>
F,F;,F, =(=dv/dt) time rate of change of drop velocity Do =condensed-phase density (mass of liquid per unit
following the drop, cm/s? volume of chamber), g/cm?3
h;h, =constants in the initial Gauss distributions in the oL = density of the liquid, g/cm?
physical space, cm g =liquid surface tension, dyn/cm
k =modified vaporization rate constant, g/cm s T = injection time of liquid parcel 4, s
D = pressure, dyn/cm? At =time step for the numerical evaluation of an
Pr = gas Prandtl number integral, s
r =radius of the drop, cm ¢ = constant of Fin the initial value problem, cm?/s
Fini =injector nozzle radius, cm X = constant of R in the initial value problem, cm?/s
30 =volume-number average radius, cm v = constant = 2¢ +x, cm?2/s
R =time rate of change of drop radius, cm/s
Re =drop Reynolds number Subscripts
Re; =liquid jet Reynolds number min = minimum
s =a coordinate max =maximum
t =time, s 0 = parameters used in the initial value problem
At =time step for the numerical integration of the i,j,k,l,m =running indices in finite-difference equations
spray equation, s ¢ = fth discretized spray
T =gas temperature, K
u = gas velocity, cm/s I. Introduction
v,0;,v, =liquid drop coordinates in the velocity space, cm/s . R
vi,v5  =centers of the initial Gauss distributions in the SPRAY is formed when a liquid jet or sheet breaks up
velocity space, cm/s into small droplets. Smc'e a liquid spray ex.changes mass,
Uinj =liquid injection velocity, cm/s momentum, and energy .w1th the surrounding gas more
We =liquid jet Weber number rapidly than the original jet or sheet, sprays are employed
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when the enhancement of such exchange rates is desirable.
There are many application of sprays, including spray drying,
humidification, chemical processing, fire extinguishment, and
fuel injection into combustion chambers. Most of these
applications are steady, except for turbulent fluctuations, but
some important ones are inherently unsteady.

Simulation of the unsteady sprays, which are found in
reciprocating and rotary internal combustion engines, is the
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ultimate objective of this research. They occur when liquid
fuel is injected directly into the compressed air of the com-
bustion chamber, as in compression ignition (Diesel) engines,
and in some stratified charge enginés. However, the study is
of interest also for those of the previously mentioned ap-
plications in which steady sprays prevail. Indeed, steady
solutions are obtained simply by letting the numerical time
variable increase beyond the characteristic time of the un-
steady transients through which steady flows establish
themselves.

Even though engine flows are generally three-dimensional,
two-dimensional schemes, such as those discussed in this
paper, constitute reasonable approximations to several engine
configurations of practical interest. !

Several aspects of a multidimensional spray model could be
discussed, including physical assumptions and limitations,
engineering implications of the results, and the numerical
method of solution and its accuracy.

The first two topics are only briefly considered in Sec. 1I,
having been examined in some detail in previous
publications. ¢ This paper emphasizes the formulation of the
problem and its numerical solution, and is organized as
follows.

In Sec. III, the fundamental equation of the problem is
introduced, some necessary functions are defined, and the
difference between thin and thick sprays mentioned. In Sec.

1V, two equivalent methods of setting up the problem are -

identified—the boundary value problem and the initial value
problem. The respective initial and boundary conditions are
also given. In Sec. V, the upwind differencing scheme used for
the solution of both formulations is applied and an equation
for the truncation error is given. For practical applications,
the boundary value formulation is more convenient. Some
results from it are given in Sec. VI. In Secs. VII and VIII, the
same physical problem, but in its initial value formulation, is
solved both numerically (by the scheme defined in the earlier
section) and ‘‘analytically’’ (actually a numerical integration
over one independent variable is still employed) and the
results are compared to assess the accuracy of the numerical
approach. The paper ends with a summary of our con-
clusions. -

II. Description of the Physical Problem and
Assumptions

Some two-dimensional combustion chamber configurations
for reciprocating and rotary engines are sketched in Fig. 1. In
Fig. la, the injector is assumed to deliver an axisymmetric
spray and the ignition source is assumed to be at the center of
the engine head. In Figs. 1b and Ic, the heights of the com-
bustion chambers are assumed to be small (in comparison to
the diameter of the cylinder or to the width and length of the
rotor) so that consideration of only average properties along
these heights is justifiable. Solutions are reported for con-
figuration a, where the motion of the piston was neglected,
thus resulting in the fixed volume configuration of Fig. 2.

Normally, injection starts just prior to the combustion
chamber achieving its minimum volume and continues after
ignition. High injection pressures are used and the resulting
high-velocity liquid jets, or sheets, break up into droplets
within distances of the order of the injector diameter. This
diameter is several orders of magnitude smaller than any
chamber dimension and the spray can be assumed to
originate, immediately after the beginning of injection, at the
injector exit plane itself or from any other reasonably small
surface in the vicinity of the injector. Exchanges of mass,
momentum, and energy between the spray and the chamber
gas start immediately and result in heating and vaporization
of the liquid, local cooling of the chamber gas, entrainment of
the gas by the liquid, and turbulent mixing of the gases. At
some time during the later part of the injection, combustion
starts either spontaneously, as in compression ignition
engines, or assisted by a spark, as in stratified charge engines.
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In early numerical studies of one-dimensional unsteady
spray combustion, the two phases were completely coupled
through the mass and energy equations, but the force exerted
by the liquid on the gas was not accounted for.? First at-
tempts to compute two- and three-dimensional unsteady
sprays wihout combustion are given in Refs. 4 and 5,
respectively. Here only one-way coupling was considered in
that the drag exerted by the gas on the liquid was accounted
for but the gas was totally unaffected by the presence of the
liquid. More recently, two-dimensional unsteady engine spray
computations have been reported in which the conservation
equations for the two phases are fully coupled. ®

In order to concentrate on the formulation of the problem
and the accuracy of the numerical solutions, the physics of the
flows studied in this paper is again oversimplified, as in Refs.
4 and 5. Consideration is limited here to the spray prior to
ignition, so that no chemical reactions are involved. While
considering the spray, the effects of the gas on the spray will
be accounted for but the effects of the spray on the gas will be
neglected. Accordingly, the gas maintains its initial conditions
throughout the injection, penetration, and vaporization
process, and only the equations for the spray need be con-
sidered. Moreover, the functions that will be used to represent
the vaporization and drag of individual drops originate from
studies of individual drops in infinite gaseous media and
therefore are applicable to thin sprays, while actual engine
sprays are mostly thick.! Corresponding functions for thick
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sprays are currently unknown, but the numerical techniques
studied in this paper would apply to thick sprays as well.
Finally, the functions that describe some of the initial and
boundary conditions for the spray are also questionable
because they attempt to describe the outcome of the
atomization process, which in itself is poorly understood.’
Accordingly, this study represents only an intermediate step
toward the formulation and solution of adequate models for
actual applications.

III. Spray Equation

Two sets of conservation equations are currently under
investigation to represent spray problems. One procedure
depends on the solution of the spray equation® to compute the
development of the liquid phase and to provide mass,
momentum, and energy source terms for the gas phase
conservation equations.?® In the second procedure, the two
phases are treated more symmetrically in that two similar sets
of conservation equations are used for the two phases.’®
Coupling terms appear in the two subsets, representing the
exchange of mass, momentum, and energy between the two
phases. In both approaches, the equations for the liquid and
those for the gas are to be solved simultaneously due to the
strong interactions between the two phases.

In the second method, the details of the spray are traded for
simplification of the mathematical problem. Otherwise, the
second method is equivalent to taking moments of the spray
distribution function over the droplet radius and velocity
dimensions prior to the integration of the conservation
equations over the space and time dimensions instead of after,
as in the first method.! In this paper, the numerical solution
of the spray equation is discussed, but it should not be con-
cluded that the authors have decided that the first approach is
superior. The relative advantages and disadvantages of the
two procedures are not fully known at present and, therefore,
they should both be explored. (Actually, even the derivation
of the constitutive equations for the two approaches has yet to
be completed for the thick sprays of practical interest.!)

A statistical description of a spray is made both advisable
and adequate by the large number of droplets which constitute
it. Such a description is achieved by the use of a distribution
function (or probability density function) f which is governed
by

af I(R

a—{+—(arﬂ +V, (N + V. (FN)=¢ M
Equation (1), which is called the spray equation,?® states the
principle of conservation of the total number of droplets. The
independent variables ¢,r,x, and v denote time, droplet radius,
physical space vector, and velocity space vector, respectively.
R=dr/dt and F=dv/d¢ are the time rate of change of droplet
radius and velocity following each droplet and reflect the
exchange of mass (vaporization) and momentum (drag) with
the surrounding gas. The quantity f(s,r,x,v) dr dx dv is the
number of droplets with radius in the range dr around r, with
velocity in the range dv around v, which, at time ¢, are in the
volume dx around x. In general, Eq. (1) has eight independent
variables. The solutions discussed in this article require six
independent variables, having assumed one degree of sym-
metry in the physical space and no swirl. When a swirling
motion is imparted to the gas and/or the liquid, all three
velocity components must be accounted for, even in a two-
dimensional configuration. This was the case for some of the
results presented by Bracco et al.* The source (or sink) term £
is neglected here, thus disregarding nucleation and secondary
breakup of droplets. Such processes may not be entirely
negligible near the injector.

The rate of vaporization is expressed as

dr k
R=—=~— —- ., 1/3 172
a Sor (1+0.3Pr'’?Re'?) 2)
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where
Re=plu—vl2r/p 3)

Pr=4y/(9y—35) @)

The force per unit mass experienced by a drop can be
written as

dv 3Cp p
F=—=—-—" — lu—vl(u-
O 8rpLu vi(u—v) (5)
where
Cp=24/Re (6)

The scalar form of the spray equation, as integrated herein,
is

?Z_'_B(Rf) +3(fU1) +3(fvz) +o[ﬁ)i

at ar ax, 6X2 X5
a(F a(rF
LD AEN o
av,; av,

where « is equal to 0, 1 for planar and cylindrical coordinates,
respectively. )

Equations (2) and (5), the droplet vaporization and drag
equations, are applicable to thin sprays in which the interdrop
distance is much greater than the drop diameter. In this case,
droplets do not interfere directly but only through their
cumulative effect on the gas. In general, this is not the case in
practical combustors in which most of the mass
vaporization is likely to occur while the droplets are closely
packed and interacting with each other, i.e., in thick sprays. !
For thick sprays, droplet vaporization and drag equations
corresponding to Egs. (2) and (5) are not presently known.
They would include the distribution function itself and
therefore they would make the spray equation quasilinear.
However, the method of solution discussed in this paper
would still be applicable.

IV. Two Formulations

The problem of the unsteady, continuous injection of fuel
in the cylindrical chamber of Fig. 2 has been formulated and
solved in two different ways. In the first formulation, the
continuous arrival of the droplets through the injector exit
plane is treated as a boundary condition at the injector exit
plane. This is called the boundary value problem. In the
second formulation, the continuously injected fuel is
discretized in a finite number of parcels. Each parcel is
assigned initial values and an initial distribution in space
within the combustion chamber. Its time development is then
computed by solving the spray equation from the given initial
conditions. The behavior of the entire injection is recovered
by adding the contributions from the individual parcels. This
is called the initial value problem. The initial value for-
mulation was the one adopted in the original computations of
combustion of unsteady one-dimensional sprays,? while the
more natural boundary value formulation has been used in
more recent calculations. 4%

In the boundary value problem, an investigation of the
uniqueness condition of the solutions of the hyperbolic Eq. (1)
indicates that the required boundary conditions are 10,

St rmaxsXs0) =0 ®)
Srx,vg,)=0 )
f(t’er’vmax)zo (10)

v — * 2 U —_— * 2
St x;,0) =Br’e exp— ( iy > exp — < 2 UZ) (1
d, d;
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Equations (8-10) state that there shall be no drops with
PP VS Unin, and 02 v, , respectively. |

Equation (11) describes the boundary condition of the spray
during the injection at the injector exit plane. )

This formulation has an accompanying initial condition

S(t=0,r,x,v) =0 ©(12)

This initial condition states that there are no drops in the
chamber prior to injection.

The following condition completely defines an initial value
problem for Eq. (1)

Uz—U3>2

—p*\2
f(t=0,r,x,v) =Br?e“exp— (u) exp — (
d, d,

X;—x7\?2 X;—Xx5\?2 :
xexp—( Ih 1) exp~( 2h 2) (13)
1 2

Equation (13) is similar to Eq. (11), but it specifies the
initial distribution function in the entire physical space instead
of at the injector exit plane alone. Indeed, as x, and x, tend to
X3}, x3, respectively, Eq. (13) tends to Eq. (11) if x} and x3 are
the coordinates of the center of the injector exit.

Some discussion of the expressions used on the right-hand
side of Eqgs. (11) and (13) are in order here. These expressions
define the spray as it is first formed upon the breakup of the
liquid jet or sheet produced by the injector. A knowledge of
the breakup process is therefore required to select the ex-
pressions. However, such a process is not presently well
understood, particularly for the high-injection velocities used
in direct injection internal combustion engines.’

Accordingly, both the functional forms of the expressions
(Nukiyama-Tanasawa in r and Gauss in v; and v,) and their
parameters have been selected from scant experimental in-
formation and are subject to large errors. Notice, for
example, that the expressions of Egs. (11) and (13) are
separable, implying that the.initial velocity distribution is
independent of the initial drop size; an assumption which
cannot be substantiated. The coefficients ¢, v], v3, d,, d;, x3,
X3, h;, and h, are defined and obtained as follows.

Let r;, be the volume-number average radius of the droplets
as they are first formed.

® 0 4o
SOS r3fdrdv 1/3

ryp= 4
K S:S +:f dr dv !

Using the following semiempirical correlation? between r3,
and r,,; (injector radius)

rsp=ary,;(We/Rey )b, We=0,/2r,,;pv},;, Re, =2riy;0, Vin;/py

sy
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where @ and b are empirical constants, g,, p;, u, are the
liquid surface tension, specific gravity, and viscosity,
respectively; vy, is the injection velocity; and p is the gas
density at the injector exit. Substituting Eqgs. (11) or (13) in
(14), it is found that c=(6)!/? /r;,, where r;, is obtained from
Eq. (15).

v}, and v3 are the most probable components of v,, v, at
the injector and d,;, d, define the widths of the velocity
distributions. The values of these parameters are somewhat
arbitrary at present, since the corresponding detailed
knowledge of the atomization process is missing.

Additional parameters appearing in Eq. (13) are x}, x3, A,,
and &,. They play the same role in the physical space as played
by v}, v3, d;, and d,, respectively, in the velocity space. The
values of these additional parameters are also somewhat
arbitrary.

B=B(t) of Eq. (11) is a factor determined by the con-
servation of fuel mass through the injector and related to the
total number of drops for unit volume. The discussion of the
coefficient B for Eq. (13) is postponed to a later section. In
Eqgs. (11) and (13), B=0, as fuel injection ends.

V. Finite-Difference Scheme
When solved numerically, both the initial and the boundary
value problems were solved by the same time-explicit, first-
order accurate, upwind differencing, or donor cell dif-
ferencing scheme.
For example, the finite differencing of the derivative
(3 (F.f)/0v;) may be expressed in the following two ways:

a(F.f)
So =[P ) ~Fi i pw, ) ] fav,

for v, <u, (162
I(F.f) |

31111 - [F’ (1, ) Viee ) —F 1y )f(UI'Y)]/AUI

for v,>u, (16

Equation (16a) is used when the droplet velocity is smaller
than the local gas velocity, so that the droplet is accelerating
and hence this finite-difference form of the derivative at v/,
emphasizes f corresponding to v,,_,. In Eq. (16b) the droplet
is decelerating; therefore, fat v,,, , is used. Note that, in both
cases, F, is evaluated at the same half-mesh points.

For the present formulation in which the gas is motionless,
v>u=0, (i.e., the droplets are moving toward larger values
of x; and x, at all times) and the liquid is. without swirl, the .
finite-difference form of Eq. (7) is:

At
S X1 X30001003,002) =S (X)X 00 V1002,,00) + 2 {f(ri:xlj»xzk)vlf’ V2, L) R(riz )

CAt
~Sis 15X X2V V2,5t ) Ry g )} U {f(’i:«\’/j_,,xzk-,Ul(,Uzm:f/) =S riX X2, 01,02,5 1 )}
1

At

Uzm

XZ: Ax2

-~ { 22_1f(’i’xlj’x2k_,’Uiy’v-’m’tl) _xgkf("i,x1j,xzk,Ull,:vzmxt[,)}

At :
+ {f(rixxljxxzk)vI‘yJUZ'")tI )F, (v,‘,_ ) —f(ri’XIj’XZk’vm1’”2m’t1 )F, (U/U+ % )}

Ay,

At
+ v, {f(rixxlj:xzk:vl(,’UZM:tl VE2 vy, ) =S (rinXy X0, V1p Vs, ot F2 (02, )} 17
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where
ry=ron+@—1)Ar i=12,...,1
x,j=(j—1)Ax1 Jj=12,...,J
Xy, = (k=1)Ax, k=12,...,K
v,(:u,min+(£’—1)Au, =12,..,L
Uy, =Us +(m—-101YAv, m=12,...M
ty=t,+At

By this numerical scheme, the distribution function is
determined at the advanced time ¢+ Ar, knowing it at ¢.

A Taylor series expansion of all terms appearing in Eq.
(17), about a point in the six-dimensional space, yields the
magnitude of the truncation error at that point.

At
Truncation error = 5 [At Ju+Ar(f,R, +f,R)
- UIAX]fXIXI - UZAXZ (fxzxz +2fx2/x2 )
80, B i) + A0 U o, 4 i) |
+ higher order terms (18)

where the subscripts of f, R, F,, and F, indicate partial
derivatives evaluated at the same point. Reference to Eq. (18)
will be made later in the paper.

INJECTOR
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VI. Typical Resuits of the Boundary Value Problem

Results of the boundary value problem were reported
earlier with emphasis on their possible engineering ap-
plications.*® One such set of results is given in Fig. 3 and is
included in this paper for the sake of completeness. They
pertain to the engine configuration of Fig. 2 and were ob-
tained solving Eq. (7), with boundary and initial conditions
Eqs. (8-12), by the finite differencing scheme of Eq. (17). In
this formulation, the continuous injection is treated by
specifying the distribution function at the injector exit plane
as a boundary condition in terms of ¢, r, v;, and v,. These
results were obtained using the following gas-phase
properties: u=0; p=16.0p,,; T=2.64T,,; p=42.0 p.;
n=3.8x10"* g/cm s. Other parameters used included:
a=6.6; b=0.2; ¢, =28 dyne/cm; p, =0.8 g/cm?; ry,; =
250 p=250x10"% cm; u; =2.2x 1072 g/cm s; =1 (cylin-
drical coordinates); k=10 "* g/cm s; D, =7.62 cm; y=1.35;
Uin; = 15,000 cm/s. The selected domains for r and v spaces
were 10u <r=<140p; 0 <v, =20,000 cm/s; 0<v, <6000 cm/s.

The results are presented in terms of the ‘‘condensed phase
density’’ p. which gives the local and instantaneous amount
of mass of liquid fuel per unit volume of combustion
chamber.!

p(xt)= Sv g arip f(Lrx,0)dr dv 19)

Wi

The results of Fig. 3 are for a spray for which injection lasts
only 0.10 ms (for all results, time is counted from the
beginning of injection) and the liquid fuel is shown to

Fig. 3 Boundary value formulation. Calculated time
and space variation of condensed phase density in the
configuration of Fig. 2.

1=0.05msec

Pe = CONST. LINES

p.=0.005,0.01,
0.015.... 01 g/cm®

—»

i
[l 1=0.10msec
(INJECTION END)

X2
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penetrate and expand into the combustion chamber. In the
inner core, where there are no lines, p, is greater than 0.1
g/cm?. At first, this core is seen to increase in size and to
penetrate quickly due to the continuous addition of fuel, up to
t=0.1 ms, and to the inertia of the initially large drops. Later
the core decreases in size and penetrates slowly due to the
continuous vaporization of the drops, which reduces the
amount of liquid fuel, and to the smaller inertia of the drops
which are now of smaller size (the velocity of a drop tends to
the local gas velocity, in this case zero, as its size tends to
zero). Notice that the tip of the spray penetrates much more
than its core. This is due to the size and velocity of the drops
being distributed. Thus, even though the injection velocity is
15,000 cm/s, some drops have axial velocities as high as
20,000 c¢cm/s. Similarly, even though the initial mass-mean
drop radius is 45u, the radius of some drops is as large as
140u. For additional, similar results, and for more in-
formation on their implications for engine combustion, Refs.
2-6 may be consulted.

VII. Initial Value Problem

An initial value problem is now studied. A numerical
solution and a closed-form solution are found and compared
to investigate the error of the numerical solution. It is con-
cluded that this error can be maintained within acceptable
limits. _

In the next section it is further shown that the same
numerical scheme can be used to give solutions for both the
initial value problem and the boundary value problem and
that the two numerical solutions indeed coincide within the
accuracy of the numerical computations.

Hence the numerical error of the boundary value for-
mulation can also be maintained within acceptable limits, and
these limits can be studied by setting up and solving a
corresponding initial value problem.

The long way about investigating the numerical accuracy of
boundary value formulations, which are more attractive for
practical applications, was necessitated by our inability to
obtain closed-form solutions for the boundary value
problems, whereas we were able to obtain a closed-form
solution for the corresponding initial value problem.

In order to reduce a continuous injection to an initial value
problem, the continuous injection is divided into discrete
parcels of fluid, broken up into drops, and distributed within
a small volume by the injector, which are then treated as
separate sprays with their initial conditions and their sub-
sequent histories. The behavior of the actual spray due to the
continuous injection is reconstructed by numerically summing
the individual contributions of all the discretized sprays. This
was the approach followed by Bracco? who discretized an
unsteady, one-dimensional continuous spray into a finite
number of discrete, monodisperse sprays. The present
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discretization differs in that the problem is two-dimensional,
the discrete sprays remain polydisperse, and, more im-
portantly, the sum of infinitely many discrete sprays is
represented by an integral which gives the net effect of the
continuous injection.

For the initial value problem, the expressions used for R
and F are:

R=x/r (20)
F=(¢/r’)(u~-v) (21

With the preceding expressions for R and F, with x and ¢
constant, and keeping the assumption that the gas is not
changed by the presence of the liquid, the solution of the
initial value problem can be obtained analytically except for a
final integral in one dimension, time, which will be evaluated
numerically.

Equation (7) with the initial conditions of Eq. (13) con-
stitutes a Cauchy problem which can be expressed by an
equivalent system of ordinary differential equations

iii_d_xi_dxz_dr_du,_dvz
1 _UI v, _R‘—F, —F2
df

= =ds (22)
f(a_R +(?& +a& +(Xl)2>
ar dv;, Jv, X,

In the preceding seven ordinary differential equations, the
dependent variables ¢,x,,x,,r,v,,v,, and f can be considered
functions of s and of seven independent parameters:
19X 195 X20:T0s V195 Usg» and fp. However, setting 7,=0 at s=0,
Eq. (13) gives f, in terms of the other parameters.

v,o—v;‘>2

S0 0,r9,%,5,X20,0,,,05,) = Brie ™ oexp — < p
1

U, —U3N\2 X, —X¥\2 Xy —X3\2
o (%Yo (7 Yoo () e
2 ! 2

After solving the seven ordinary differential equations, f vs
t,x;,Xx;,r,0,;,0, is obtained by eliminating the independent
parameters. This elimination is allowed for a nonvanishing
Jacobian

A(L,r,x,,X,0,,0,)

(8,70 X 13X2,,01,5V2,)

Thus, obtaining

2

r @/2%
R wtw—up (=) =y
f(t,r,xI,xz,v,,vz):B(r2—2xt) X pmetri-nn P oxp X
d,
r? @/2x v,—u, ) rox
wt @) () ey x,—uzf-(lz—llm[“2’”"”‘—<r2—2xr>”W*}—x;‘ i
re—ex X~
X exp — exp—
d2 hl
'
vy —uy)réfx
Xz“uzt—(—222—;[(I’Z)1_¢/2X—(I’Z—ZXI)I_WZX]—X; 2
X—
X exp ~
hs
vy —uy)rélx
[ mpr= I 2y e 2y o | @4
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where
Y=2¢+x (25)

Having solved for f for a discrete spray, a parameter 7, is introduced such that the ¢th discrete spray is injected into the chamber
at r =71, (=(A7) where A7 is the time interval between two subsequent discrete sprays. The distribution function f, at r=7, for this
#th discrete spray is obtained simply by replacing f with (¢ —7,) in Eq. (24).

¥

-x = v
SJolt,rX1,X5,0,,0;5,7y) =B<r2 —2x(t—n)) 2x px g melr?=2xti=1)) "
( r? 6/2x r? b/2x
u+(v,—u (——————) —v] 2 +(v,—u (—————) —v3 2
e 1 (—Up) Y =10 I . U+ (v —u3) FT2x(=1,) 2
— Xp —
d[ d2
— ré/x
xl”“I(f—Tr)“‘%[(r2)1_¢/2"—(r2—2x(l‘—7,))""’/2x]—x7 2
X exp —
P "
— ) oI
xruz(t—m—%%L[(r?)'-M—<r2—2x<t—n))'-¢/2X1—x5 2
X exp —
h,
vy —uy ) rx vv '
x [ =y (1= = I () o (7 == o | o 26)

Here, we digress briefly to determine the coefficient B of Eq. (13). B is found by equating the mass associated with all the
droplets of fth discrete spray to the mass injected during the time A7.

4

g g g }7rr2po,(I=r“,r,x,,xz,v,,vz)drdxdv:WFAr (X))
Jrodx Jou .

where Wp is the mass rate of injection of liquid through the injector. Eliminating f, between Egs. (26) and (27) one obtains an
expression for B ; :

. 4 1
B(t) =( WF(I)AT)/gr L K §7rr3pL Bﬁ»(t=n,r,x,,x2,v,,vz)dr dx dv=B A7 (28)

The distribution function of the continuous spray can now be constructed summing the f,’s due to all discrete sprays (the total
number of which, say,is L)

L
f(f:’xxl»xz,vf:vz) = E.fr(txr)xl)xzyvl)uz) (29)

(=1

The summation is allowed because the governing equation is linear. Using Eqs. (26) and (28) and taking the limit for L — o or
AT—0, Eq. (29) gives

- =

v ¥

! M i

X 1,X5,0,U05) = ri=2x(t—r1 X pX o= _ _ %

(t,r,%,,X2,0,,05) B (r?=2x(t—1) X X L —e(r?=2xti—m) ¥
Jr=0

ny ( ré o ( r? )¢/2x .

u v, —u)l 55— — 2 + (v, —u)) | ———— — 2

! 1 ) r2—2x(t—r)) vy U+ (v;—uy) 72— 2x(i—7) v

X exp— exp —
d, d,

(v, ~u;)re

X;—u;(t=71) = [(r2) 1792 = (r? =2x(t—1)) 1=X]=x] "y

X exp— 2X—¢’

p A, )

(v, —uy ) ré/x B 1—¢/2
Xy =y (1= 7) = T () 7 (1 = 2x (1= 7)) T - x3 Y

X exp — =9

p 1,

(v, —u,)réx

X [xo = (t=1) - el (o K (r2—2x(z—r))'-WZX)]/xzdr (30)
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The preceding time integral, known as a convolution in-
tegral, cannot be evaluated in closed form. However, its
numerical evaluation can be made much more accurate than
the numerical solution of the original spray equation with its
six independent variables, by using higher order schemes and
smaller time increments. Hence, we call the numerical
evaluation of Eq. (30) the ‘‘analytical’’ solution of the initial
value problem.

In practice, the A7 used for the integral of the initial value
problem was one-half the Ar used for the differential equation
of the corresponding boundary value problem and a second-
order scheme was employed for the integral, whereas, as
previously mentioned, a first-order donor cell differencing
scheme was adopted for the differential equation.

VIII. Numerical Accuracy

The results of Figs. 4-6 pertain to the engine configuration
of Fig. 2 and were obtained with the same computational
parameters as those of Fig. 3 (given in Sec. VI). They are
analytical and numerical results of the initial value problem.
Droplet distribution functions vs droplet radii are given of
those droplet which have no radial velocity (v, =0) and an
axial velocity (v;) of 4000 cm/s at the injector location (point
x;=x,=0 of Fig. 2) and at the indicated times after the
beginning of the injection. The initial conditions are the same
for both analytical and numerical results. Figure 4 shows that
the numerical error for the smaller droplets is already
significant after one Af=10"° s. Figure 5 shows the
numerical error to be significant for all drop sizes after 10 Afs.

The numerical results with large errors were obtained with
relatively few mesh points: 9, 9, 6, 5, and S for the x,, x,, r,
v,, and v, dimensions, respectively.

The expression for the truncation error, Eq. (18), indicates
that the error should be reduced by a factor of 4 if the number
of mesh points for all six independent variables is doubled, as
one would expect for a first-order scheme. This is assuming
that all the derivatives appearing in Eq. (18) are of order 1
when dependent and independent variables are properly
scaled.

Figures 4 and 5 show that the factor of 4 reduction in error
is verified for large drops but not for small drops. Moreover,
the doubling of the mesh points for all six independent
variables results in an increase of the computation time by
approximately a factor of 26 = 64.

To avoid unnecessary increases in computational time, the
remainder term of the first-order scheme can be studied to

Told

Tod

- ANALYTICAL
[ ———= NUMERICAL
- - NUMERICAL WITH HALF -MESH SIZES

1078 1 ] ] 1 1
20 40 60 80 100 120 140
r{p)
Fig.4 fvsrfort=10"5 s, x;=0,x,=0,v;, =4000 cm/s, v, =0.
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isolate the second-order derivatives which contribute most of
the numerical error. Then the number of mesh points can be
selectively increased.

For our physical configuration, with steady injection into a
stationary gas, it is likely that the sharpest gradients are to be
found near the injector. One can then use the initial condition
of the distribution function, Eq. (13), to calculate explicitly
all the necessary derivatives. For the selected initial condition,
it is found that the derivatives in the r, v,, and v, spaces
contribute most of the error and that the smaller drops are
indeed affected more than the larger ones. In terms of the
truncation error expression of Eq. (18), the second, fifth, and
sixth terms are the larger of the last six terms in the given

10"
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L e NUMERICAL WITH HALF -MESH SIZES
_______ NUMERICAL

10-8 | 1 | i ]
20 40 60 80 100 120 140
)
Fig.5 fvsrfort=10"%s,x;=0,x,=0,v,=4000 cm/s, v, =0.
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Fig. 6 fr¥vsrfort=10"*s,x,=0,x,=0,v, =4000 cm/s, v, =0.
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order. Accordingly, the same numerical error is found using
9,9, 12, 9, 7 mesh points for the x;, x,, r, v;, v, dimensions
as by doubling the number of all mesh points in-
discriminately. The computational time is then increased by a
factor of 10 instead of 64. Even so, the computation time per
time cycle is 0.75s on an IBM 360/91. With At=5 109 s,
4.5 ms of real-time spray activity can be computed in 15 min
of computer time.

The order of magnitude of the time increment was selected
on physical grounds so as to respect the inequalities: v, At
<Ax, V1< Ax;, F A< Av,;, F,At<Av,,; and RAt<Ar.

As previously stated, the numerical scheme employed is
time explicit, first-order accurate in all spaces and time and
has upwind differencing. Although upwind differencing has
good numerical stability properties, it is first-order accurate
and causes significant numerical inaccuracy due to numerical
diffusion. Center differencing in all spaces could be used to
increase the numerical accuracy, and implicitness® in time
could be incorporated to achieve numerical stability. An
implicit scheme was not used for fear of large computer
storage requirements to keep the distribution function at two
time levels in its five dimensions. This requirement may be
reduced significantly by appropriate, more sophisticated
programming.

In any case, the numerical error of interest for applications
to internal combustion engines is not the largest in the field
but that affecting that family of drops whose fuel mass is the
largest. Since the mass of a drop goes as r’, the family of
drops containing the largest mass is found by considering fr?,
as in Fig. 6, which shows that most of the mass is contained in
droplets with r=70 p +30u. Wanting to increase the accuracy
of the numerical solution uniformly, nonuniform grid spacing
could be used to increase the accuracy of the computations for
the smaller drops.

The physical problem which has been considered is
unusually simple, having treated the gas as unaffected by the
spray and having used Eqs. (20) and (21) for the droplet
vaporization and drag.

However, the approach is likely to be useful in more
complex and practical cases as well. If a computer program is
developed for more comprehensive and realistic cases, the
same program can also be used for a test run employing the
simplified configuration which allowed us to obtain a closed-
form solution. Satisfactory comparison of the analytical and
numerical results of the simplified case would then become a
necessary condition even though it cannot be proved to be a
sufficient one.

Finally, the same case was numerically solved both as a
boundary value problem and as an initial value problem with
the two solutions agreeing. However, the initial conditions for
the initial value problem was not arbitrary, but rather the
solution of the corresponding boundary value problem at =35
10 7% s. That is, for the two solutions to be equivalent, the
initial distribution of the fuel in the chamber, which results
from the dispersion of the first discretized parcel of fuel,
cannot be selected independently of the boundary condition at
the nozzle exit plane; an integration of the boundary value
problem must be carried out through the time during which
the discretized parcel is injected to establish a compatible
initial condition for the initial value problem.

IX. Conclusions

The numerical computation of the propagation and
vaporization of a two-dimensional unsteady spray in a gas
was considered. The approach followed was to use the spray
equation to represent the evolution of the spray, instead of the
basically equivalent approach of using two coupled sets of
similar conservation equations for the two phases. The
problem was formulated both as a boundary value problem
and an initial value problem. In the boundary value problem,
the continuous arrival of the droplets through the injector exit
plane is treated as a boundary condition at the injector exit

COMPUTATIONS OF TWO-DIMENSIONAL UNSTEADY SPRAYS 1061

plane. In the initial value problem, the continuously injected
fuel is discretized in a finite number of parcels. Each parcel is
assigned initial values and an initial distribution in space
within the combustion chamber. The time development of
each parcel is then computed by solving the spray equation
from its given initial conditions. The behavior of the entire
injection is recovered by adding the contributions from the
individual parcels. The boundary value formulation is more
convenient for applications, but the initial value formulation
yielded an analytical solution which is very useful for the
evaluation of numerical errors. Numerical solutions to both
formulations were obtained using the same time-explicit, first-
order accurate, upwind difference scheme and typical results
of both formulations were presented. When the same case was
numerically solved, both as a boundary value problem and an
initial value problem, the two solutions agreed, thus proving
the equivalence of the two formulations.

It was thus concluded that the selected numerical scheme
can yield acceptably accurate results for the physical con-
figurations studied with computation times of the order of 10
min on an IBM 360/91. Even though the physical con-
figurations -considered are realistic for direct injection, in-
ternal combustion engines, the model used is not. Therefore,
the results are of limited practical value.

However, the analytical solution used to evaluate the
numerical errors can be used to assess the errors of more
comprehensive and realistic models by just applying them to
the simple cases for which the analytical solution is valid.
Such an exercise is highly recommended as the evaluation of
numerical errors is otherwise a difficult task.
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